Some remarks on the multi-dimensional Borg-Levinson theorem Hiroshi Isozaki
Department of Mathematics. Osaka University, Toyonaka, 560, Japan.
1.1-dim-case. The Borg-Levinson theorem is a uniqueness theorem in inverse eigenvalue problems. We first recall the 1-dim case. Consider the Dirichlet problem:
-y"+q(x)y=?.y. O^x^l. This is a starting point of 1-dim. inverse problems ( [l] , [2] Since y(x,^,q) is an eigenfunction of --^-+q(x) associated with the dx eigenvalue Xp one can see that there is a one to one correspondance between the potential and the eigenvalues and the normal derivatives of eigenf unctions.
2. n-dim. case. Next we turn to the n-dim. case (n^2) . Let Q be a bounded domain in R" with smooth boundary S. Consider the Dirichlet problem:
,uls=0.
Although we treat the Dirichlet problem here, all of the arguments below also hold for the Neumann or Robin boundary conditions by a suitable modification.
Let ^<?.^... be the eigenvalues. To derive the uniqueness theorem corresponding to the 1-dim. case, we consider the normal derivatives of eigenf unctions.
However, one must be careful to choose a system of eigenfunctions, since in the multi-dimensional case eigenvalues are not simple in general.
Let m be the multiplicity of ^ and Ui....,u^ be a real-valued orthonormal eigenfunctions system associated with 3lp We set Thenq^q^.
In other words, if ^ and W; are equal except for a finite number of indices i, the potentials are equal. It also shows that the totality of ?^ and W^ is too much to determine the potential. It is a common belief that. in contrast to the 1-dim. case. the multi-dimensional inverse eigenvalue problem has a sort of rigidity. Here one can find
an exemple.
Proof of Theorem B.
We sketch the proof of theorem B. Let NOl) be the Neumann operator, mamely.
where v satisfies
H=f.
We introduce the following notation: where R(^)=(-A^+q-X)~1.
Note that the above expression is similar to the S-matrix in scattering theory. Now, we recall the Born approximation.
Let IR"^^ 0 be arbitrarily fixed. Take From the very proof, one can see that the potential is uniquely determined by the asymptotic properties of the eigenvalues and eigenf unctions.
